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Abstract. Some years ago a theory of non-equilibrium
voltage fluctuations in biological membranes was devel-
oped (Frehland and Solleder 1985, 1986) under a lineari-
sation condition which 1s valid for a great number of
transport units. In order to get an insight into the stochas-
tic behaviour of such systems, consisting of small num-
bers of transport units, we carried out Monte-Carlo-sim-
ulations and compared the mean voltage course and the
spectral density with the results of the previous theory.
Under parameter conditions of biological relevance no
significant differences from the behaviour of systems with
large numbers, as predicted from the earlier theory, could
be found in the case of rigid pores and ion carriers. How-
ever, in the case of small numbers, channels with open-
closed-kinetics showed great deviations. With increasing
number of transport units agreement with the previous
theory was obtained.
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1. Introduction

Experiments and theoretical treatments on electric noise
in biological membranes are usually concerned with the
analysis of current noise under constant voltage or of
voltage noise under current-clamp conditions. A general
theoretical approach to transport fluctuations permits
the calculation of current noise spectra (Frehland 1978,
1982). However, voltage fluctuations are of special inter-
est because they set a limit to the transduction of signals
at nerve excitation. The voltage noise amplitude has to be
smaller than the signal to be detected.

A recently developed theory of voltage noise (Freh-
land and Solleder 1985, 1986; Solleder and Frehland
1986; Frehland 1988) based on a Master equation ap-
proach (van Vliet and Fassett 1965) is constrained to
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several conditions. Generally the validity of linearisation
conditions requires that the number of transport units
must be large. However, in modern experimental meth-
ods the condition of large numbers is not always satisfied;
on the contrary, often only single-channel-measurements
are made.

Up to now, no theoretical approach to these small
number systems was available. From other systems, e.g.
growing populations, it is known that the stochastic be-
haviour at small numbers can be completely different
from that obtained by approximation procedures for
solving the Master equation (Dubin 1976).

In this situation it is of great theoretical and experi-
mental interest to get more insight into the effects of small
numbers in stochastic membrane transport systems on
the membrane voltage behaviour.

Monte-Carlo-simulations of voltage fluctuations for
small numbers of transport units (Kleutsch 1988) are pre-
sented here and the results compared with the earlier
theory (Frehland and Solleder 1985, 1986; Solleder and
Frehland 1986). For special transport systems great dif-
ferences are obtained, which disappear with increasing
numbers.

2. Monte-Carlo-simulation of voltage fluctuations
2.1. Rigid pores with one binding site

Using a simple example, the case of a rigid pore with one
binding site is discussed first (Fig. 1). Current fluctuations
of pores with one binding site have been discussed by
Léauger (1975). The voltage fluctuations of a great number
of pores has been handled by Frehland and Solleder
(1985, 1986). We have done Monte-Carlo-simulation of
voltage fluctuations for a small number of transport units.

The “single-file” assumption requires that the binding
site may only be occupied by one ion as a consequence of
ionic interactions (Frehland and Stephan 1979). Because
of the current-clamp condition, a constant net flux charge
is delivered to one side of the membrane and drained from
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Fig. 1. Two barrier model for pores with one binding

the other side. It is further assumed that the current-
clamp causes a change of voltage, which is continuous in
time. This would lead to a linear increase of the voltage if
there were no jumps of ions across the membrane, i.e. if
the potential barriers were infinitely large. In the case of
finite barriers, transition of an ion with charge g across
the membrane with capacitance C causes a voltage
change of

q
AU=+—. 1
+d 0
The sign is positive if the directions of jump and current-
clamp are the same. If the binding site is occupied or
becomes empty, the voltage is changed by

AU=+ 2,

cooi=12, )

y; and y, describe the degree of symmetry of the pore.
Restriction to the symmetrical case then yields

1
h=h=)- G

A change of voltage will influence the transition frequen-
cies (k,: Boltzmann factor, T: Temperature) according to
the rate theory (Eyring 1935; Zwolinsky et al. 1949)

U—U,
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Fig. 2. Model of voltage fluctuations under equilibrium (I =0) and
non-equilibrium conditions (I > 0)

2.2. Two methods for Monte-Carlo-simulation

We distinguish between two possibilities of Monte-Carlo-
simulation. First, the time axis is divided into equal inter-
vals. In each interval, uniformly distributed random num-
bers decide if a transition occurs or not. However, to get
a good approximation, the time intervals chosen must be
sufficiently short. In order to save computer-calculating-
time we have selected a second method, where an event
will occur in every iteration step. In contrast to the first
method, the time intervals are not equal because the times
of transitions are directly calculated.

2.2.1. Equilibrium. We begin with the equilibrium case,
where current and average voltage are zero. Voltage
changes are caused by the ionic jumps. Voltage as a func-
tion of time remains constant between two jump events
(Fig. 2). Hence the rate frequencies remain constant be-
tween two transitions, and on each segment the process
can be regarded as Poisson-distributed. The probability
density on the segment i for an allowed jump with fre-
quency k(t;) is given by

w(t)=k(t;) exp(—k(t;) (t—t)), telt,ty)- 6

Uniformly distributed random numbers z € (0, 1) are gen-
erated by the algorithm of Kirkpatrick and Stoll (1981).
To yield random numbers t € (¢;, c0), which are distribut-
ed with the probability density of (6), the uniformly dis-
tributed random numbers z € (0, 1) can be transformed
(Sobol 1971) by

tig 1

f w)dt'=z. (7

t



Then from (6) and (7) the time of the next event

1

ti+1=—m1n(1—2)+ti. (8)
If more than one possible transition exists, the time for
each possible event has to be calculated. The transition
with the shortest time is chosen. Before the next step the
frequencies, k;, have to be recalculated because the
voltage has been changed by the previous transition
event.

2.2.2. Non-equilibrium. Simulation in the non-equilibri-
um case is different to that for the equilibrium case be-
cause the assumption of a Poisson-process in each time
segment is no longer valid. Because the assumption of a
continuous current clamp means a linear increase of the
voltage (Fig. 2), rate frequencies are continuously chang-
ing between two transitions. In order to obtain the gener-
alization for (8), the probability distribution function p(¢)
has to be calculated.
If the time interval At is very small, then

(1=p(®) k(1) 4t

is the probability that no event will occur until time ¢ but
will occur in the interval (¢, t+ At). Then the following
differential equation may be constructed

dp(t)
5 —U=p@) k(). )

The voltage in the i-th time interval

1 .
U(t)=U(ti)+E(t—t,-) with ¢, <t<t;,, (10)
determines the rate frequencies

k(t)y=k, exp(i{yl’; <U(ti)+é(t—ti)>>. (11)

Substitution for k(¢) in (9) and solution of the differential
equation yields

k(t.
p=1-exo( ~“Diexpiat—1-1) (12
with
_ Eho i
vim g L (13

The probability distribution function p(t) at time ¢;, , can
be written as

p(rm)!"jlw(x) dx=z. (14)

Equations (14) and (12) yield

1
ti+1=—&ln<1~kz;i) ln(1—z))+ti. (15)
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Fig. 3. Probability distribution function of the non-Poisson-process
under non-equilibrium conditions for a jump of an ion in the same
(7) and in the opposite (2) direction to the current. kg, T, g, C, I=1,
71.2=0.5, K¥(0), k*(0), k'(0), k" (0)=4

The simulation is then done in the same way as described
for the equilibrium case. But in the non-equilibrium case
(15) does not deliver for every random number z a finite
value for ¢ (see Fig. 3). The probability distribution func-
tion for a jump in the opposite direction (x<0) to the
current does not have the limit 1 for t=co. That means,
that in contrast to the equilibrium case, there is a finite
probability that a jump will never occur.

3. Numerical calculation of the spectral density

The spectral density G(w) of a quantity U (z) (voltage) can
be calculated by Fourier transformation of the autocorre-
lation function R (s) or the covariance functions C (s). This
relation is given by Wiener (1930; Khintchine 1934):

Glw)=4 | C(s)cos(ws)ds (16)

with ’

w=2-w-f. (17)

The autocorrelation function is defined as

R(s)= lim 1 f U@ Ut+s)de (18)
T—oo T 0

and the covariance function as the difference
C(s)=R(s)—<U>*. (19)

{U) denotes the expectation value (ensemble average)
of U. Because the stochastic process is ergodic (Frehland
1982), the ensemble average can be replaced by the time
average.

The numerical calculation of R(s) uses an approxima-
tion of the integral (18) by

R(tk)= % i§1 U(ti) U(ti+k) : (20)



206

2.50
10"
2.494
2.48
2.474
2.46

2.45q

2.444

R(s)

2.43
2.42

2,414 1 2

2.40

01 2 3 45 6 7 B 8 1011 12 13 14 15 16 17 18 19 20
S

Fig. 4. Autocorrelation function for a single-file-pore with one
binding site: (1) Monte-Carlo-simulation, (2) fitted function. k*(0),
K®(0), k'(0), k"(0), C, kg, T, g, Np.=1, m=5- 104, 71,2=0.5,1=16

Figure 4 shows an autocorrelation function calculated by
Monte-Carlo-simulation for one pore with one binding
site and single-file condition. The second curve is a fitted
function of the form

R(s)za-exp(—%)—c (21)

with the parameters a, b and c¢. The covariance function
corresponding to the fitted function is then given by

b

because ¢=R(o0)=<{U>? (Bendat and Piersol 1971).
The spectral density G can be calculated with the use
of the Wiener-Khintchine-relation (16):

_ 4ab
14 w? b

C(s)=a- exp(— §> (22)

G(w) (23)
In other examples treated in the following sections it is
necessary to fit the autocorrelation function by a Gaull
function or by a sum of two exponential or Gaul} curves.

4. Numerical results

4.1. Single-file-channel with one binding site

In the equilibrium case, the voltage fluctuations of single-
file-pores with one binding site can be represented by a

resistance R and a capacitance C in a parallel circuit
(DeFelice 1981):

40 RC
GO = TR Oy (24)
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kg T
2__Xp
o= (25)
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Fig. 5. a Spectral density for a single-file-pore with one binding site
at equilibrium: (/) Monte-Carlo-simulation, (2) corresponding RC-
circuit (24). k*(0), k*(0), k'(0), k"(0), C, ky, T, ¢, Np.=1, 7, ,=0.5,
I=0. b Spectral density for a single-file-pore with one binding site
at equilibrium: (/) Monte-Carlo-simulation, (2) theory of Frehland
and Solleder (1985, 1986). Parameters as in a except [=1.6

Under the condition of a linear voltage-current relation,
which is valid for a small current, the resistance of a
membrane with N; identical pores can be calculated as
follows.

4k T
qZNpkO.

It is further assumed that all rate frequencies have the
same value, k,, at equilibrium. According to Fig. Sa, the
spectra of the simulation and of the corresponding R C-
circuit agree within the accuracy of the calculation. We
have done many further simulations with different num-
bers of channels, different capacitances and resistances,
always getting good agreement with (24).

In the non-equilibrium case, (24) is no longer valid.
Frehland and Solleder (1986) developed a general theory
for the calculation of the spectral density of voltage fluc-
tuations which can be applied for different transport sys-
tems. However, this theory is based on a linearisation
which can be assumed to be valid only in the limit of large
numbers of transport units. Nevertheless, comparisons of

(26)



this theory with our simulations for low numbers did not
show significant differences for the channel model consid-
ered (Fig. 5b).

4.2. Carrier-mediated ion transport

An alternative basic concept of membrane transport is
the concept of carrier mediated ion transport. For exam-
ple, valinomycin-mediated transport through lipid bilay-
ers has been extensively investigated (Stark et al. 1971;
Lauger and Stark 1970; Knoll and Stark 1975). It is as-
sumed that single carrier molecules act independently. As
shown in Fig. 6, transport takes place in four steps:

a) recombination of an ion and the neutral carrier at the
left-hand interface

b) translocation of the complex to the right-hand interface
c) dissociation of the complex and release of the ion into
the solution and

d) back transport of the free carrier.

The association with k® ¢,, and the dissociation with k®,
as well as the movement of the uncharged carrier, are
assumed to be voltage-independent, in contrast to the
voltage-dependent rate frequencies k' and k”. We presume
a great reservoir of ions in the outer aqueous solution, so
that changes in the ion concentration c,, can be neglected.

4.2.1. Voltage-current characteristic. Under non-equilib-
rium conditions, the current clamp will cause a stationary
voltage U, if the current I is not too large. The current-
voltage characteristic (Fig. 7) has been calculated from
phenomenological differential equations (27) and shows
saturation behaviour.

d<£1> ~ IS N + KD (N, — (kR 3 K9) N
i%%2=ksam>+kDG%>—M*cM+kﬂ<ND
d<£3> =R cp (N> + KN, — (kP +K) (N,
dg?)ZHQM<ND+M<NQ—&D+HOGQ> 27)

As a consequence, the current I may not be selected
greater than the upper limit, if a stationary value of the
voltage is to be received. Otherwise, there will be an in-
finite increase in the voltage, because the voltage-inde-
pendent rate frequencies set a limit to the transport
through the membrane. N;(i=1, 2, 3, 4) denote the occu-
pation numbers of the carriers according to (Fig. 6). The
values for the stationary process are indicated with the
index s. Then

I'=q(ks(N3ps—ks<Ny)s). (28)

The rate frequencies kg and kg depend on the stationary
voltage Us (4). The mean values of the occupation num-
bers can be calculated from the stationary solution of (27).
Figure 7 shows the dependence of the current and the
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Fig. 6. State diagram for a model of carrier-mediated ion transport.
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Fig. 7. Current-voltage characteristic for an ion carrier. k® ¢,
29-10%s74, kP=27-10°s71 k5=0.38-105s71, K'(0)=Kk"(0)
21-10°s74, Ne=1, ky=1.3806-10"22J/K, T=298K, ¢
1.6022 - 1071° C, (Benz and Liuger 1976)

I

stationary voltage, which has been calculated with
parameters experimentally determined for the carrier
valinomycin by Benz and Léiuger (1976).

4.2.2. The time-behaviour of the voltage after a current
Jump. After a current jump, the voltage will increase from
zero to the stationary value Uy if the current does not
exceed the upper limit as described above. We will com-
pare the voltage courses, which result from Monte-Carlo-
simulations and from the phenomenological differential
equations (27). Under non-equilibrium conditions an
equation analogous to (28) can be written:

du
I=glk Ny =k N+ ¢ 182 29
The additional term
d<us
¢ dt

denotes the change of capacitance charge. An iterative
procedure yields the mean voltage (U as a function of
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time at the j+ 1 iteration step with the time interval 4t:

j+1__ i ﬂ
W=+ (30)
(I —q(K ((UY) (N Lk (CUY) (N, Y+ )).

The mean states {N,>, (N,> depending on the voltage,
also have to be calculated iteratively: with the definitions

Ny
<N2> R
= c=kR
N> ¢ N3> . K Cum
(N
and
— (k5 + K& kS kP
s (1S R
L N
K 0 — (k' (U)+ k")
0 K® k' (U)
Equation (27) can be written in the form
d<{N)

- =M(U) (N (32
and the following iteration is obtained for the states (N>
(N TE=M(UY) KNY e+ (N (33)
The two iterations (30) and (33) have to be carried out
simultaneously.

Figure 8 a—c shows the time behaviour of the voltage
after a current jump. The results of the iteration pro-
cedure described are compared with the results of the
Monte-Carlo-method in the case of a single carrier. A
good agreement of these two methods exists for large
capacitances. The differences become greater for smaller
capacitances because of the increasing fluctuations. Fig-
ure 8c shows that only the Monte-Carlo-simulations ex-
hibit an oscillatory time behaviour. These oscillations
have also been obtained for greater numbers of carriers
and for different initial values of the voltage.

This effect can be understood by the fact that at low
capacitances one transition of an ion through the mem-
brane causes a great change in voltage. Therefore a small
increase of voltage as a consequence of the continuous
current clamp can not be compensated by a transition.
The oscillation can be understood as a continuous
voltage increase between two jumps and the subsequent
decrease as a consequence of a transition in the opposite
current direction.

For testing this explanation, further simulations with
a noisy current clamp (i.e. a charge transport, discrete and
Poisson-distributed) were performed. Figure 8¢ (3), in-
deed, shows the disappearance of the oscillations.

The deviation of the simulation from the results of the
phenomenological equations does not have biological
importance because it occurs only at very low values of

capacitance. The specific membrane capacitance

Co=— (34
has a value of 1 uFem ™2 for biological membranes and
the area of a patch-clamp-electrode is approximately
A=1pm? Therefore a capacitance C=10"*F is of ex-
perimental importance. At this value the time behaviour
of the voltage and the spectral density (Fig. 9a, b) from all
calculated simulations indicate very good agreement with
the results of the phenomenological equations as well as
for low numbers of transport units.

0
kD
k/! (U)

— (k" (U)+k?)

4.3. The single-file-channel with open-closed-kinetics

Experimental investigations (Frauenfelder etal. 1979;
Karplus and McCammon 1983) showed that channels
built from proteins can have different states. Such
changes of the conformation (Liuger et al. 1980; Lauger
1987) of a channel have a great influence on the transport
rates of ions. Furthermore, nerve excitation processes are
generated by the ion channels which may assume differ-
ent conductivity states. As a simple example we studied
one special case with three possible states of the channel
as demonstrated in Fig. 10 (Frehland 1979): /. open and
occupied, 2. open and unoccupied, 3. closed and unoccu-
pied. It is assumed that the channel can open and close
only in an unoccupied state with voltage-independent fre-
quencies v and u. The transitions between states 1 and 2
are assumed to occur according to the model of the single-
file-channel with one binding site with voltage-dependent
transport rates

K, =k +k
K,=kE+kR. (35)

In order to get only a basic fluctuation effect, as a further
simplification it is assumed that the open-close transition
rates are voltage-independent. Hence, the conformation
changes of the channels can be regarded as Poisson-dis-
tributed. We carried out Monte-Carlo-simulations with a
method analogous to that described above. We studied
the time behaviour of the mean voltage after a current
jump by Monte-Carlo-simulations and by iterative calcu-
lations from the phenomenological equations:

At
C

(I —q(RE(CUY) (NI — k" (CUY) (N HY)).

UY T =CUY + (36)
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Fig. 8a—c. Mean time behaviour of the voltage after a current
Jump for an ion carrier. (/) Monte-Carlo-simulation, (2) (30) and
(33). Parameters as in Fig.7 and: Uy=10mV, a C=10"'°F,
bC=5-10"18F, ¢ C=10"13 F, (3): noisy current clamp
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(N TE=MUY) KNY e+ (N, (37)
—K,(U) K,(U) 0

MU)=| K (U) —(u+K,U) v (38)
0 u —v

A comparison of the results from these two methods is
shown in Fig. 11a, b. The following parameters were
used:

Np, kg, T, q, k", kR, K, k" =1,
71,220-55

v=u=0.01,
a. C=10, b: C=100.

US=55

Figure 11a shows a great difference between the two
methods if only one channel exists. The differences be-
come smaller for a greater number of pores as further
calculations showed. The phenomenological equations
do not take into account the fact that fluctuations can
also influence the mean time behaviour. If all pores are
closed, the voltage will increase linearly in time because of
the current clamp. The voltage can only be reduced if a
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Fig. 9a, b. Spectral density for an ion carrier. (/) Monte-Carlo-sim-
ulation, (2) theory of Frehland and Solleder 1986. Parameters as in
Fig. 8a except: a Uy=20mV, b U;=60 mV
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Fig. 10. State diagram for a single-file-channel with open-closed-
kinetics: (1) Open and occupied, (2) open and unoccupied, (3) closed
and unoccupied
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Fig. 11a,b. Mean time behaviour of the voltage after a current
jump for a single-file-channel with open-closed-kinetics. (f) Monte-
Carlo-simulation, (2) (36), (37). Np, kg, T, g, k*(0), kK*(0), k'(0),
kK'(0)=1, v=p=0.01, y, ,=05, Us=5,a C=10,b C=100

channel is open. The smaller the number of pores, the
greater is the possibility that all pores are in the closed
state. Therefore, especially for small numbers of transport
units, the voltage can reach values which are much higher
than the mean value. So the approach to the results from
the phenomenological equations can be understood as a
consequence of the negligible fluctuations in the case of
large numbers of pores.

As can be seen from Fig. 11a, b, the deviation of the
two methods also depends on the capacitance of the

3000 a
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Fig. 12a, b. Spectral density for a single-file-channel with open-
closed-kinetics. (/) Monte-Carlo-simulation, (2) theory of Solleder
and Frehland (1986). Parameters as in Fig. 11b except: a Ny=1,
b Np=10

membrane. The effect of the deviation at a capacitance
which is a factor of ten greater seems to be negligible if we
consider the mean voltage course. However, the spectral
density (Fig. 12a) shows that the condition for linearisa-
tion in the previous theory is not valid for small numbers
of transport units. For N,=10 (Fig. 12b) a quite good
agreement with the previous theory is already obtained.

Parameters like the Boltzmann constant ky or the
temperature Tor the unit charge g were set in our calcu-
lations to be equal to unity. A proper scaling of the
parameters allows predictions for biologically relevant
ranges. Using the method of dimensional analysis
(Gortler 1975; Tsaacson E. and Isaacson M. 1975; Lang-
haar 1951; Legendre P. and Legendre L. 1983), the follow-
ing linear, independent dimensionless products can be
determined:

2

q

T2k TC m,=t K with i=L,R,"
My=1" | =1V
_uc _
My= q n6_qki
C(s) C? G(f)C? ¥
727 Ts= qz (39)



Each set of parameters with the same dimensionless prod-
ucts is given by a single calculation. For instance, the
simulation in Fig. 12 yields

7, =0.005.

If experimentally relevant parameters are considered, with
ky=1.3806-10"23 J/K, T=298 K, q=1.6022-107"° C,
the capacitance will have the value

2

.
2ky T m,

This value is about one order of magnitude less than the
capacitance of a piece of a membrane under a patch-
clamp-pipette. Scaling of other parameters (e.g. of the
spectral density) can be done analogously. As a conse-
quence of the too small capacitance, this calculation
yields fluctuations which will be greater than in the exper-
imental system. However, the ratios of the inner transi-
tion rates k' to the frequencies v, u of the opening and
closing of the channel essentially determine the magni-
tude of the fluctuations. In Fig. 12 the value for this ratio
is 1/0.01=100. But experimental investigations showed
that this ratio can be 108/103 =105,

In order to have an acceptable computer-calculating-
time, we chose the ratio 1/0.01=100. On the one hand,
the selected capacitance leads to an overestimate of the
fluctuations; on the other hand, the time ratio yiclds a
much greater underestimate of the fluctuations. The rea-
son is, that in experiments, pores can remain in a closed
state for a very long time in proportion to the inner mean
transition time. During this period, the voltage will in-
crease enormously if all pores are closed. Therefore we
predict that in experimentally relevant ranges of parame-
ters, the previous theory will no longer be applicable if
only a small number of transport units is considered.

C= =0.62-10"1° F.
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